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We introduce a general framework called neural-network- (NN) encoded variational quantum algo-
rithms (VQAs), or NNVQA for short, to address the challenges of implementing VQAs on noisy
intermediate-scale quantum (NISQ) computers. Specifically, NNVQA feeds input (such as parameters of a
Hamiltonian) from a given problem to a neural network and uses its outputs to parameterize an ansatz cir-
cuit for the standard VQA. Combining the strengths of NN and parameterized quantum circuits, NNVQA
can accelerate the training process of VQAs and handle a broad family of related problems with vary-
ing input parameters with the pretrained NN. To concretely illustrate the merits of NNVQA, we present
results on a NN variational quantum eigensolver (VQE) for solving the ground state of parameterized
XXZ spin models in one and two dimensions. Our results demonstrate that NNVQE is able to estimate the
ground-state energies of parameterized Hamiltonians with high precision without fine tuning, and signif-
icantly reduce the overall training cost to estimate ground-state properties across the phases of the given
Hamiltonian. We also employ an active learning strategy to further increase the training efficiency while
maintaining prediction accuracy. These encouraging results demonstrate that NNVQAs offer an alternative
hybrid quantum-classical paradigm to utilize NISQ resources for solving more realistic and challenging
computational problems.
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I. INTRODUCTION

Today’s noisy intermediate-scale quantum (NISQ) com-
puters [1] are far from delivering an unambiguous quantum
advantage. Variational quantum algorithms (VQAs), as
one of the most representative algorithm primitives in
the NISQ era [2–5], utilize a quantum-classical hybrid
scheme, where the quantum processor prepares target
quantum states and measurement is made to extract use-
ful information for the classical computer to explore and
optimize. VQAs have now been widely applied to solve
quantum optimization, quantum simulation, and quantum
machine-learning problems [6–16].

Among various VQAs, the variational quantum eigen-
solver (VQE) [6,7] is one of the most exemplary algo-
rithms. The VQE employs the Rayleigh-Ritz variational
principle to approximate the ground state of a given Hamil-
tonian Ĥ with a parameterized quantum circuit (PQC).
Many studies on the strengths and fundamental limitations
of VQAs are first systematically investigated and revealed
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by studying how the VQE performs in different contexts
[17,18]. Despite some early hopes of VQAs’ potential
quantum advantages in addressing some realistic compu-
tational problems, this goal still remains elusive. In fact,
it is now known that the current formulation of the stan-
dard VQAs faces many obstacles for them to deliver any
practical advantages [19–25].

There is a pressing need to develop alternative hybrid
quantum-classical approaches to better utilize the full
power of quantum computational resources while avoiding
as many shortcomings of the standard VQAs as possible.
For instance, a core problem of the standard VQA is to
identify the suitable circuit parameters for a given prob-
lem, i.e., the optimization or training procedure. From a
practical perspective, the training procedure often takes
many steps, which leads to a large budget for measure-
ment shots [26,27]. Besides, the training procedure could
be more sensitive to noise and decoherence compared to
the inference procedure. Therefore, training of VQAs is
expensive as it must be conducted on very high-quality
quantum devices with a large budget of measurement
shots.

In terms of theoretical perspective, the difficulties asso-
ciated with the optimization of VQAs stem from at least
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two fundamental obstacles. One severe challenge is the
phenomenon of vanishing gradients named barren plateaus
(BPs) [19–23]. Though there are many attempts to miti-
gate BP issues [28–39], the occurrence of BP, in general,
implies that exponential quantum resources are required to
navigate through the exponentially flattened cost-function
landscape C(θ), which could negate the potential quantum
advantages of VQAs. Another related problem for VQAs’
nonconvexity energy landscape is the occurrence of many
local minima [24,25], which can easily trap the training
trajectories.

In the plain VQA setups, application problems are opti-
mized and solved instance by instance with the same
circuit structure, namely, we need to retrain the model
for each instance. This workflow renders the optimization
issues discussed above more detrimental in the VQA con-
text. Therefore, a general framework to solve the param-
eterized problem instances jointly and to separate the
pretraining process from the inference process is highly
desired. Such a framework would address the optimization
bottlenecks from two angles. For the pretraining proce-
dure, the joint training on multiple problem instances
speeds up the optimization convergence by alleviating the
BP and local minima issues. And for the inference pro-
cedure conducted by the end users, there is no need to
retrain or fine tune the model so that the end users with
limited quantum resources are free from the thorny training
issues.

In this paper, we introduce a general framework—neural-
network-encoded variational quantum algorithms
(NNVQAs). Many works integrate the neural network with
the quantum circuit from different angles such as quan-
tum state tomography, quantum error mitigation, quantum
architecture search, and expressive capacity enhancement
[34,40–51]. Our framework further expands the possibility
of such an interplay from another perspective. NNVQAs
successfully address all the aforementioned challenges: (i)
NNVQAs use the Hamiltonian parameters as the input to a
neural network, which enables a parameterized model to
be solved through only a single pretraining process and
a single pretrained model; (ii) the pretrained NNVQAs
can give a good estimation with test Hamiltonians beyond
the training set with good generalization capability; (iii)
active learning method can be adopted to further reduce
the number of training samples and thus the number of
total measurement shots; (iv) NNVQAs could significantly
speedup the optimization convergence of VQAs. There-
fore, by using a neural network as the encoding module,
our approach provides a good ground-state approxima-
tion using only a small number of training points and
greatly saves the required quantum resources. Moreover,
our framework can enable the separation of training and
inference and sketch a potential future interface to utilize
VQAs for end users.

FIG. 1. Schematic workflow for NNVQE. The Hamiltonian
parameters λ are the input of the encoder neural network, which
produces the parameterized quantum circuit (PQC) parameters
θ as output. The PQC, parameterized by θ , is then used in
the processing module of the VQE to prepare an output state
|ψ〉 = U(θ) |0〉, where |0〉 is the initial state. The cost function
can be estimated according to Eq. (3), and the weights in the
neural network are optimized using a gradient-based optimizer.

II. THEORETICAL FRAMEWORK

In this section, we introduce the framework of NNVQE
for ground-state problems, and the framework can be
similarly generalized to the VQE for excited states [52–54]
or other VQA scenarios.

The schematic workflow for NNVQE is shown in Fig. 1.
Given a parameterized Hamiltonian Ĥ = Ĥ(λ), where λ

consists of p different Hamiltonian parameters, our aim is
to solve the ground state of the parameterized Hamiltonian.
We choose a subset of λ as the training set λ̃ = {λ̃i}.

To train an NNVQE, we use λ̃ as the input of the
encoding neural network, and get the output

θ i = fφ(λ̃i), (1)

where we denote the neural network as a general param-
eterized function fφ with the training neural weights as φ.
The number of the output of the neural network is the same
as the number of the PQC parameters, and we load each
neural-network output element to the corresponding cir-
cuit parameters. The PQC U(θ) for the VQE is initialized
in the |0〉 = |0〉⊗n state. Therefore, the output target state
for Hamiltonian Ĥ(λ̃i) should be

|ψi〉 = U(θ) |0〉 = U
(

fφ(λ̃i)
)

|0〉 . (2)
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The cost function for ground-state VQE is the expectation
of Ĥ(λ):

C (φ) =
∑

i

〈Ĥ(λ̃i)〉

=
∑

i

〈0| U†
(

fφ(λ̃i)
)

Ĥ(λ̃i)U
(

fφ(λ̃i)
)

|0〉 . (3)

Finally, we compute the gradients with respect to the neu-
ral network (backpropagation via the PQC parameters) and
minimize the cost function C (φ) using gradient descent,
obtaining the optimal weights φ∗ for the neural network.
Since such a training procedure happens only once and the
trained model can be used to approximate the ground state
of the family of Hamiltonians, we call this stage pretrain-
ing. Upon completion of pretraining, the efficacy of the
NNVQE can be evaluated using a test set of different λ

from the training set.

III. RESULTS

In this section, we demonstrate the effectiveness of our
framework using numerical simulation with TensorCir-
cuit [55]. The testbed model is the one-dimensional (1D)
antiferromagnetic XXZ spin Hamiltonian with an external
magnetic field subject to the periodic boundary conditions

Ĥ =
∑
i,i+1

(XiXi+1 + YiYi+1 +�ZiZi+1)+ λ
∑

i

Zi, (4)

where � is the anisotropy parameter and λ is the
transverse-field strength.

We start from the one-parameter XXZ model with the
transverse-field strength fixed to λ = 0.75. The training set
of � is composed of 20 equispaced points in the inter-
val of [−3.0, 3.0]. The performance of the NNVQE is
evaluated on an expanded test set consisting of 201 equi-
spaced values of � in the interval of [−4.0, 4.0]. The
circuit ansatz we use in this section is inspired by MERA
[56,57]. Specifically, we employ deep multiscale entangle-
ment renormalization ansatz (DMERA) circuits [58,59],
where D is the circuit depth in each block (see Appendix
A for details). The neural network we use is a simple
fully connected neural network with a dropout layer. The
size of the input layer is 1 corresponding to the number
of Hamiltonian parameters �, and the size of the output
layer corresponds to the number of PQC parameters (see
Appendix A for the detailed neural structure).

For the 1D XXZ spin chain consisting of eight qubits,
we pretrain the model within the NNVQA framework
and evaluate the performance with different circuit block
depths D. The results for ground-state (GS) energy pre-
diction are shown in Fig. 2(a). The simulation accuracy
improves with larger D and dropout in the neural network.
We also display the corresponding fidelities with the exact

(a)

(b)

FIG. 2. Results on n = 8 qubit one-tunable-parameter 1D XXZ
spin chain with a transverse-field strength λ = 0.75 within the
NNVQE framework. (a) Relative errors of ground-state energies
of different circuit block depth D with and without dropout from
the pretrained model. (b) Fidelity between the output state of
NNVQE and the exact ground state.

ground state in Fig. 2(b). The results underscore the abil-
ity of the NNVQE to effectively prepare the ground state
as a function of the Hamiltonian parameters without fine
tuning or retraining. We note that NNVQE demonstrates
a favorable generalization capability. As shown in Fig. 2,
in regions devoid of shadows on either side (regions of no
training points), the NNVQE still provides highly reliable
estimations to some extent.

Compared with previous work on meta-VQE [60], when
the PQC structures are the same, NNVQE uses fewer quan-
tum resources while yielding better ground-state energy
estimation results (see Appendix F for details). Such
advantages are mainly brought by the expressive power of
general neural networks.

In the previous analysis, the training set is selected in an
equispaced manner. Such a strategy can be improved by
utilizing active learning techniques [61]. We can maintain
the same level of ground-state energy accuracy while using
a smaller number of training points.

Various active learning schemes can be easily incorpo-
rated into the NNVQE. For example, we begin by ran-
domly selecting one point from the � pool P as the initial
training set. We train the NNVQE based on the training
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set and get the neural-network weights φ∗. Obviously, the
training set P∗ is a subset of the pool P. Subsequently, we
calculate the acquisition function specifically designed in
this scenario. The active learning acquisition function in
our problem is defined as

CAL = 〈Ĥ 2(�)〉φ∗ − 〈Ĥ(�)〉2
φ∗ + μmin |�− �∗|, (5)

where � ∈ P, �∗ ∈ P∗, μ a preset hyperparameter. The
first two terms are the variance of the Hamiltonian Ĥ(�)
with φ∗ trained on the training set. In the last term, we
first calculate the distance between � and all �∗ in the
training set and find the minimum distance. We employ
the hyperparameter μ to find a large variance but prevent
a close point from being chosen. The two terms reflect the
exploitation and exploration trade-off of the active learn-
ing technique. We add the � with the largest CAL(�)

to the training set. Iteratively, we repeat this process of
expanding the training set until the test relative error of the
ground-state energy falls below a predetermined threshold.

By this method, we obtain a training set consisting of
11 points. The corresponding results are shown in Fig. 3.
Remarkably, even with a training-set size that is only half
of the previous set, the model still gives a reliable esti-
mation of the ground-state energy. Moreover, when we
visualize the training sets (see the orange dots in Fig. 3), we
find them nearly equispaced except for the points near the
phase transition point of the Hamiltonian (see the orange
inverted triangles in Fig. 3). This observation roughly cor-
responds to an intuition that the ground-state wave func-
tion might experience a more dramatic change around the
phase-transition point, which requires more training points
to better capture. It is worth noting that the performance
of NNVQE is worse in the XY phase (see Appendix J for
the phase diagram of the XXZ model). We comment that
the source of the degradation of performance is from the
standard VQE, say the ansatz is not sufficiently expressive.
This fact is reflected by the similar performance degrada-
tion for the standard VQE in the XY phase as the black line
shown in Fig. 3.

Another remarkable advantage of NNVQE is the train-
ing efficiency. As shown in Figs. 4(a) and 4(c), NNVQE
has a significant speedup in the optimization procedure
compared with plain VQE especially at the early training
stage. The energy cost function drops more rapidly in the
NNVQE case, which offers great benefits for NISQ com-
puters since fewer training epochs and thus fewer quantum
resources are required. Such advantages benefit from the
NN-PQC hybrid architecture. The neural network brings
a more dramatic change in the PQC parameters at the
beginning stage of the optimization process as shown in
Figs. 4(b) and 4(d), which is relevant in mitigating the BP
issue.

In order to demonstrate the effectiveness of the NNVQE
in estimating a multiparameter Hamiltonian, we extend our

FIG. 3. Active learning for NNVQE. We use the MERA cir-
cuit with D = 2. The black line is the result of the VQE sep-
arately trained on each point. The green line is the NNVQE
with dropout and has the same circuit structure as the black line.
The blue line shares the same structure (NN encoder and circuit
ansatz) as the green line but uses active learning to reduce sample
size. The training set of the green line consists of a set of equi-
spaced 20 �s in the interval of [−3.0, 3.0] used in the previous
analysis. However, by employing active learning, we use only
11 actively selected points to attain the blue line. The training set
used for active learning is indicated by dots along the blue line.
Remarkably, despite the reduced training set size, the blue line
still exhibits a reliable estimation of the ground-state energy. The
actively chosen dots are projected onto the x axis as the orange
dots, and the orange inverted triangles are the phase-transition
points.

study to the two-parameter one-dimensional XXZ model.
In this model, both the anisotropy parameter � and the
transverse-field strength λ are tunable in the Hamiltonian
in Eq. (4). The training set for� consists of ten equispaced
points in the interval of [−1.0, 1.0], while λ consists of five
equispaced points in the interval of [0.0, 1.0]. The ansatz
used is the hardware-efficient ansatz [63] with two-qubit
gates in the ladder layout of depth D (see Appendix C for
details). The encoding neural network also shares a similar
structure as the one-parameter case but now the input takes
two values � and λ.

The numerical results are presented in Fig. 5. Remark-
ably, the NNVQE, using a neural network with two inputs,
yields excellent performance in estimating the ground state
across different phases. This result implies the robust-
ness and versatility of the NNVQE in simulating com-
plex quantum systems governed by a multiple-parameter
Hamiltonian.

To further demonstrate the scalability and universality
of the NNVQE framework, we apply the framework to a
different model (two-dimensional XXZ spin model) with
a larger system size (4 × 4 = 16 qubits). The energy esti-
mation precision ratios between NNVQE and the standard
VQE are similar for different sizes and different models
(see Appendix D for details), indicating that the proposed
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(a) (b)

(c) (d)

FIG. 4. Speedup in the optimization process of NNVQE and
the corresponding PQC parameter changes. (a),(c) The ground-
state energy relative errors for an n = 12 XXZ spin chain
when � = 1.5, 2.0 are shown with respect to epochs. Hardware-
efficient ansatz with D = 3 is used. The red and blue lines
correspond to the ground-state energy relative errors and stan-
dard deviation of NNVQE and the VQE, respectively. (b),(d)
The parameter differences when training the VQE and NNVQE
in corresponding �. The difference is the sum of the absolute
value of parameter differences between epochs. NNVQE brings
a more dramatic circuit parameter change at the beginning of the
optimization process, which speeds up the optimization process.

framework scales well and is universally applicable to
different parameterized systems. Furthermore, we have
also conducted NNVQE workflow in the presence of quan-
tum noises, and the results also imply the noise resilience
of the NNVQE framework (see Appendix E for details).

(a) (b)

FIG. 5. Relative errors of ground-state energies for an n = 12
1D XXZ spin chain with two tunable Hamiltonian parameters,
using the hardware-efficient ansatz with circuit depth D = 1, 2.
The red dots are the training set. The red lines are the exact phase
transition line between the ferromagnetic phase (FM) and the XY
phase [62].

IV. DISCUSSION

In this paper, we introduce the NNVQA framework.
More specifically, we first use a neural network to
transform the Hamiltonian parameters to the optimized
parameters in the PQC for VQA. We show the validity and
effectiveness of the framework in solving the XXZ Hamil-
tonian ground state with different parameters through only
one pretraining procedure without any problem instance-
specific fine tuning. In order to further reduce the pre-
training overhead, we also employ an active learning
heuristic where the progressively built training set can be
greatly reduced. The effectiveness of the framework is also
evaluated on different models and with quantum noises.

In terms of the neural-network part, we can introduce
more physics-inspired neural-network structures for mul-
tiparameter Hamiltonian VQE problems. For example,
considering the random Ising model where the couplings at
each bond or site are different, we can abstract the Hamil-
tonian parameters as a graph where the node and edge
weights describe the Hamiltonian form. In such cases, we
believe a graph neural network (GNN) [64,65] is more
suitable for the encoding task as the symmetry and geom-
etry can also be properly addressed in a well-designed
GNN. And the power of considering local geometry as in
the GNN approach is proven to be exponentially sample
efficient in learning quantum state properties [66–69].

Our framework envisions a future paradigm to utilize
quantum computers. The encoding neural network can be
pretrained on high-quality quantum devices with a large
time and measurement budget. The pretrained model can
be efficiently saved and shared on classical computers.
Since the NNVQE can be targeted to a large family of
quantum systems that are connected via lots of parame-
ters, a large pretrained model could be of general interest
for solving various problems. The users can utilize the
large pretrained classical neural model and extract the
trained circuit parameters given the specific problem they
are interested in solving. In this paradigm, the users are
free from training on quantum computers themselves. It
is also worth noting that at the training stage, due to the
nature of multiple training points, it is straightforward to
utilize the data parallelism and pretrain the NNVQE with
multiple quantum processors.
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APPENDIX A: NOTATIONS FOR THE MODEL,
THE VARIATIONAL CIRCUIT, AND THE

NEURAL NETWORK

The Hamiltonian. The Hamiltonian used, unless
mentioned specifically, is a 1D XXZ model with periodic
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FIG. 6. A block of ladderwise hardware efficient ansatz circuit
with four qubits (D = 1). Each one-qubit gate R1(θ i) corre-
sponds to Rz(θi1)Rx(θi2) and two-qubit gate R2(θ ij ) corresponds
to Rzz(θij 1)Rxx(θij 2)Ryy(θij 3).

boundary conditions, with the transverse-field strength λ
and the anisotropy parameter �:

Ĥ =
∑
i,i+1

(XiXi+1 + YiYi+1 +�ZiZi+1)+ λ
∑

i

Zi. (A1)

When we use the single-parameter 1D XXZ model, we
fix the transverse-field strength to λ = 0.75, and the
anisotropy parameter � is chosen as the varying param-
eter. When we use the two-parameter 1D XXZ model, both
λ and � are varying parameters.

In Appendix D, we also evaluated the performance of
NNVQE on a two-dimensional XXZ Hamiltonian with
open boundary conditions on the square lattice.

The circuit ansatz. There are two main circuit ansatzes
employed in this work: the ladderwise hardware-efficient
ansatz (HEA) and the MERA ansatz. It is worth noting that
both ansatzes work well in our model, and we utilize differ-
ent ansatzes to demonstrate that the NNVQE framework is
ansatz-agnostic and universally applicable.

The hardware-efficient ansatz [63] encompasses a range
of ansatzes that are directly tailored to the given quan-
tum hardware employed in the experiment, avoiding the
circuit-depth overhead arising from transforming an arbi-
trary unitary into a sequence of local native gates. We
employ ladderwise HEA (see Fig. 6) in this paper. The
representation of the ladderwise HEA can be expressed as

|ψD〉 = U |ψD−1〉 , (A2)

where U = ∏
i,j R2(θ ij )× ∏

i R1(θ i) is a block of unitary
(see Fig. 6 as a block of ladderwise HEA unitary), and D
is the circuit depth representing the number of repetitions
of the block. In each block, parameterized Rx and Rz gates
are used as single-qubit gates R1(θ i) = Rz(θi1)Rx(θi2), and
parameterized Rxx, Ryy , and Rzz gates are used as two-
qubit gates R2(θ ij ) = Ryy(θij 1)Rxx(θij 2)Rzz(θij 3) arranged
in a ladderwise pattern. Before all the blocks, single-qubit
rotation gates R′

1(θ i) = Rx(θi1)Rz(θi2)Rx(θi3) are operated
on all the qubits, transferring the initial state |0〉 to |ψ0〉 =
R′

1(θ i) |0〉.

The multiscale entanglement renormalization ansatz
(MERA) tensor network (see Fig. 7) can be adopted as
a viable circuit ansatz for the VQE simulations. MERA
starts from a single qubit in the |0〉 state and progres-
sively enlarges the Hilbert space by tensoring additional
qubits in the |0〉 state [56,57]. The treelike MERA ten-
sor network constructed by this progressive enlargement
corresponds to successively coarse-grained states and ulti-
mately implements a fine-grained scaling transformation.
The scale transformation is

|ψl+1〉 = Ul(θ)
(
|ψl〉 ⊗ |0〉⊗2l

)
, (A3)

where 2l is the number of fresh qubits introduced in the
lth layer and Ul = ∏2l

i=2 R2(θ i,i+1)× ∏2l−1
j =1 R2(θ j ,j +1)×∏2l

k=1 R1(θ k) (all i are even and all j are odd). We denote D
as the depth of the brickwork unitaries Ul. For example, we
set D = 2 in Fig. 7. There are D = 2 blocks [yellow (1) and
green (2)] in each Ul, and there are two brickwork unitaries
U1 and U2 expanding the MERA network to four qubits.
In each block, parameterized Rx and Rz gates are used as
single-qubit gates R1(θ i) = Rz(θi1)Rx(θi2), and parameter-
ized Rxx and Rzz gates are used as two-qubit gates R2(θ ij ) =
Rzz(θij 1)Rxx(θij 2). And before all the brickwork unitaries,
single-qubit rotation gates R′

1(θ i) = Rx(θi1)Rz(θi2)Rx(θi3)

are operated on all the qubits.
The encoding neural network. The neural network of the

NNVQE has one input layer, one hidden layer, and one out-
put layer, which are all fully connected linear layers. The
node number of the input layer corresponds to the number
of Hamiltonian parameters, the node number of the hidden
layer is a hyperparameter that varies with the circuit depth
D, and the node number of the output layer corresponds to
the number of PQC parameters. We also employ dropout
layers after the hidden layer to avoid overfitting. To ini-
tialize the neural network, we choose the normal random
initialization with the mean value = 0.0 and the standard
deviation = 0.1. The optimizer we used in gradient descent
is Adam and the learning schedule is the hyperparameter
tuned for each case.

APPENDIX B: TECHNICAL DETAILS FOR THE
SIMULATION

For results in Fig. 2, the Hamiltonian is the eight-
qubit one-parameter 1D XXZ model. The training set of
� is composed of 20 equispaced points in the interval of
[−3.0, 3.0]; the test set is 201 equispaced values of� in the
interval of [−4.0, 4.0]. The circuit ansatz is the eight-qubit
MERA with depth D = 1, 2, 3. When D = 1, the node
number of the hidden layer for the neural network is 20,
and the node number of the output layer corresponds to the
number of PQC parameters 74, without dropout and with
dropout = 0.30; when D = 2, the node number of the hid-
den layer for the neural network is 20, and the node number
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FIG. 7. Two blocks of MERA circuit with four qubits (D = 2). The yellow-shaded circuit is block 1 and the green-shaded circuit is
block 2. In each block, there is a complete MERA structure. Each one-qubit gate R1(θ i) corresponds to Rz(θi1)Rx(θi2) and the two-qubit
gate R2(θ ij ) corresponds to Rzz(θij 1)Rxx(θij 2). All parameters are independently optimized with no parameter sharing.

of the output layer corresponds to the number of PQC
parameters 124, without dropout and with dropout = 0.05;
when D = 3, the node number of the hidden layer is 30,
and the node number of the output layer corresponds to the
number of PQC parameters 174, without dropout and with
dropout = 0.20. The starting learning rate for the optimizer
is 0.009, and it decays to its 70% every 1000 steps. The
maximum iteration for the optimization is 2500.

When the active learning strategy is explored as shown
in Fig. 3, the Hamiltonian we used is the eight-qubit one-
parameter 1D XXZ model. The training set of � is 11
actively learned points in the interval of [−3.0, 3.0]; the
test set is 201 equispaced values of � in the interval
of [−3.0, 3.0]. The ansatz is the eight-qubit MERA with
D = 2. The node number of the hidden layer for the neu-
ral network is 25, and the node number of the output layer
corresponds to the number of PQC parameters 124, with-
out dropout and with dropout = 0.20. The hyperparameter
μ in the cost function of active learning is 6.0. The starting
learning rate is 0.009, and it decays to its 85% every 200
step. The maximum iteration is 2500.

For the training efficiency results presented in Fig. 4, the
Hamiltonian is a 12-qubit one-parameter 1D XXZ model.
The training set is� = 1.5 or� = 2.0 with only one point.
The circuit ansatz is 12-qubit HEA with D = 3. The node
number of the hidden layer is 36, and the node number of
the output layer corresponds to the number of PQC param-
eters 216, with dropout = 0.20. The learning rate is 0.009.
The maximum iteration is 100.

For the result in Fig. 5, the Hamiltonian is a 12-qubit
two-parameter 1D XXZ model. The training set of �
is composed of ten equispaced points in the interval of
[−1.0, 1.0], and λ is composed of five equispaced points
in the interval of [0.0, 1.0]; the test set of � is composed
of 101 equispaced points in the interval of [−1.0, 1.0], and
λ is composed of 51 equispaced points in the interval of
[0.0, 1.0], The ansatz is 12-qubit HEA with D = 1, 2; the
node number of the hidden layer is chosen at 40, and the
node number of the output layer corresponds to the number
of PQC parameters (96 when D = 1 and 156 when D = 2),

with dropout = 0.2. The starting learning rate is 0.01, and
it decays to its 70% every 800 step. The maximum iteration
is 4000.

APPENDIX C: RESULT OF TWO-PARAMETER 1D
XXZ MODEL WHEN n = 8

Here, we use a two-parameter eight-qubit 1D XXZ
model as the Hamiltonian. The training set of � is
composed of ten equispaced points in the interval of
[−1.0, 1.0], and λ is composed of five equispaced points
in the interval of [0.0, 1.0]; the test set of � is composed
of 101 equispaced points in the interval of [−1.0, 1.0], and
λ is composed of 51 equispaced points in the interval of
[0.0, 1.0]; the ansatz is the eight-qubit HEA with D = 1, 2;
the node number of the hidden layer is chosen at 25, and
the node number of the output layer corresponds to the
number of PQC parameters (64 when D = 1 and 104 when
D = 2), dropout = 0.2. The starting learning rate is 0.01,
and it decays to its 70% every 800 step. The maximum
iteration is 4000.

The numerical results are presented in Fig. 9. Same as
the n = 12 result in the main text, the NNVQE with a
two-input neural network shows excellent performance in

FIG. 8. Neural network of the NNVQE. The neural network
has one input layer, one hidden layer, and one output layer, which
are all fully connected linear layers. The number of nodes of the
input layer corresponds to the number of Hamiltonian parame-
ters. The node number of the hidden layer is a hyperparameter
that varies with the circuit depth D. The node number of the
output layer corresponds to the number of PQC parameters.
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(a) (b)

FIG. 9. Relative errors of ground-state energies for an n = 8
1D XXZ spin chain with two tunable Hamiltonian parameters,
using the hardware-efficient ansatz with circuit depth D = 1, 2.

estimating ground-state energy, which highlights the effec-
tiveness of our approach in estimating multiple-parameter
Hamiltonian of different system sizes.

APPENDIX D: RESULT OF SINGLE-PARAMETER
4 × 4 2D XXZ MODEL

In this section, we use a single-parameter 4 × 4 2D XXZ
model as the testbed Hamiltonian. The open-boundary

2D XXZ model, similar to the 1D XXZ model, has the
transverse-field strength λ and the anisotropy parameter�:

Ĥ2D-XXZ =
∑

i,j

(
XiXj + YiYj +�ZiZj

) + λ
∑

i

Zi, (D1)

where i, j runs over nearest neighbor pairs on a square lat-
tice. We fix the transverse field strength to λ = 5.0, and the
anisotropy parameter� is chosen as the varying parameter.

The mapping from the qubits of the MERA to the 2D
square lattice points is shown in Fig. 10.

The training set of � is composed of 12 equispaced
points in the interval of [0.0, 4.4]; the test set is 148 equi-
spaced values of � in the interval of [0.0, 4.4]. The circuit
ansatz is 16-qubit MERA with depth D = 3. The node
number of the hidden layer is 700 for the encoding neu-
ral network, and the node number of the output layer
corresponds to the number of PQC parameters 384, with
dropout = 0.20. The starting learning rate for the opti-
mizer is 0.01, and it decays to its 85% every 300 step. The
maximum iteration for the optimization is 5000.

The numerical results are presented in Fig. 11(a). We
can see that, though we have changed to a more compli-
cated model, the results of NNVQE are still similar to the
standard VQE. To better compare the NNVQE effective-
ness for different models and system sizes, we utilize the

FIG. 10. The 16-qubit 1D MERA circuit diagram and its mapping to the 4 × 4 2D square lattice for the XXZ model. Each number
of the qubits marked at the rear of the 1D MERA diagram corresponds to the number marked on the lattice point (white). Four qubit-
lattice point mappings are chosen for demonstration. The darker the color on the lattice, the closer the relationship of the corresponding
qubits on the MERA. Note that the fresh qubit |0〉 injected in each layer is divided into two sublayers due to the even-odd brickwall
layout of the two-qubit gates.
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measure as the ratio between the energy estimation from
the NNVQE without fine tuning and the converged energy
estimation of the standard VQE for the same parameter-
ized Hamiltonian. The ratio gives the percent of energy that
can be recovered by the pretrained model and avoids the
impact of the standard VQE performance fluctuation. We
compare the results here with the result of the eight-qubit
single-parameter 1D XXZ model mentioned in the main
text in Figs. 11(b) and 11(c), and find that the performance
is similar, indicating that NNVQE not only has good scala-
bility but can also work well universally for many different
systems.

APPENDIX E: SIMULATION RESULTS IN THE
PRESENCE OF QUANTUM NOISES

We use the eight-qubit single-parameter 1D XXZ model
as the Hamiltonian. The training set of � is composed of
20 equispaced points in the interval of [−3.0, 3.0]. The cir-
cuit ansatz is the eight-qubit MERA with depth D = 2. The
node number of the hidden layer is 700, and the node num-
ber of the output layer corresponds to the number of PQC
parameters 124, with dropout = 0.20. The starting learning
rate for the optimizer is 0.01, and it decays to its 85% every
300 step. The maximum iteration for the optimization is
2500.

The noise model we utilized for the noisy emulator is
as follows: the depolarizing quantum channels are applied
right after each two-qubit gate. The depolarizing error rates
in the x, y, and z directions px, py , pz are all set to 1 × 10−3.
The Kraus representation of the channel is given as ρ →
(1 − px − py − pz)ρ + pxX ρX + pyYρY + pzZρZ.

The numerical results are presented in Fig. 12. We find
that the consideration of noise does not render NNVQE
less effective overall. It is an interesting future direction
to explore the noise resilience in the NNVQA for different
models, phases, and with different noise profiles.

APPENDIX F: A COMPARISON BETWEEN
NNVQE AND META-VQE

We use the eight-qubit one-parameter 1D XXZ model
as the Hamiltonian, which is the same Hamiltonian as in
the meta-VQE work. The training set of � is composed
of 20 equispaced points in the interval of [−3.0, 3.0], and
the test set is 201 equispaced values of � in the interval of
[−4.0, 4.0].

The NNVQE circuit ansatz and the meta-VQE pro-
cessing layer are set the same as the MERA circuit. The
encoding layer of meta-VQE is the same as Ref. [60]
(see Fig. 13). The encoding function it uses is f (�,φ) =
w�+ φ, where� is the Hamiltonian parameter and w and
φ are encoding parameters to optimize.

As for the neural network of the NNVQE (see Fig. 8),
we choose the hidden-layer node number = 20 when D =
1, 2, and the hidden-layer node number = 30 when D = 3.

(a)

(b)

(c)

FIG. 11. Results on single-parameter 4 × 4 2D XXZ model
with a transverse-field strength λ = 5.0 within NNVQE frame-
work. (a) Relative errors of ground-state energies of standard
VQE and NNVQE. Standard VQE and NNVQE share the same
circuit with circuit depth D = 3. The red line is the NNVQE with
dropout. The blue line is the average result of 100 batches of stan-
dard VQE with different random initializations, while the green
line corresponds to the best result among the 100 trials. (b),(c) are
the ratio of the ground-state energy obtained by NNVQE to stan-
dard VQE. (b) is the result of the eight-qubit single-parameter 1D
XXZ model mentioned in the main paper; while (c) is the result
of 4 × 4 2D XXZ model.

Dropout was also employed to avoid overfitting. The start-
ing learning rate is 0.009, and it decays to its 70% every
1000 step. The max iteration is 2500.
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FIG. 12. Simulation results in the presence of quantum noises.
The model used is the eight-qubit single-parameter 1D XXZ
model, and the circuits used are identical to the main text. We cal-
culate the ratio of the ground-state energy obtained by NNVQE
to standard VQE. The blue line corresponds to the results from
the noise-free simulation, while the red line is from the noisy
simulation.

The result of meta-VQE and NNVQE (with and with-
out dropout) is shown in Fig. 14 with different Ds. In the
region of the training set, NNVQE performs far better than
meta-VQE, especially when the circuit gets deeper. When
it comes to the training points not in the test region, the
error of our NNVQE is significantly lower than that of the
meta-VQE. The result shows that our NNVQE can give
more precise ground-state energy estimation than meta-
VQE and has better generalization ability without any fine
tuning.

APPENDIX G: CIRCUIT PARAMETERS CHANGE
VISUALIZATION

To gain deeper insights, we examine the variations of
gate parameters by plotting their cosine values with respect
to the Hamiltonian parameter �, shown in Fig. 16. The

FIG. 13. The four-qubit example encoding layer of meta-VQE
from Ref. [60]. Each R(θ) gate corresponds to Rz(θ1)Rx(θ2). The
function used for the encoding layer is f (�,φ) = w�+ φ.

(a)

(b)

(c)

FIG. 14. A comparison between NNVQE and meta-VQE. The
parameterized Hamiltonian is an eight-qubit one-parameter 1D
XXZ spin chain with a transverse field strength fixed at λ = 0.75.
The ansatz is MERA with (a) D = 1, (b) D = 2, and (c) D = 3.
The training set interval is on the gray background and the whole
line is in the interval of the test set.

sequence number of the subfigures corresponds to the gate
number in Fig. 15. As shown in the figures, the relation-
ship between � and the gate parameters (or the cosine of
the gates’ parameters) is neither linear nor low-order poly-
nomial, which could explain why our NNVQE performs
far better than meta-VQE that utilizes simple analytical
formula [60]. The abrupt change of the circuit parameters
is often related to the region near criticality (see Fig. 18).
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FIG. 15. n = 8 MERA circuit with D = 2.

Instead, smooth variations are observed on the ferromag-
netic (FM) phase and the antiferromagnetic (AFM) phase.
Consequently, this nontrivial relationship indicates that
employing a neural network as the encoding module is of
great necessity to capture various quantum phases with the
same setup.

The model investigated is the MERA circuit with D = 2
and dropout = 0.05.

APPENDIX H: ADDITIONAL RESULTS ON THE
OPTIMIZATION PROCESS SPEEDUP BY NNVQE

It is mentioned that NNVQE could speed up the training
process, allowing rapid convergence. Here we use the same
ansatz circuit, Hamiltonian, and training schedule as in the
main text but report further details.

To avoid the impact of parameter initialization, the ini-
tial PQC parameters of the standard VQE are set the same
as the initial PQC parameters of the NNVQE, which are
generated by a randomly initialized neural network. The
results of � = 1.5, 2.0 are shown in the main text and we
show the supplemental result for � = 1.0 in Fig. 17. We
can see that NNVQE converges much faster than the stan-
dard VQE when training. Also, NN-PQC hybrid architec-
ture brings a more dramatic change in the PQC parameters

at the beginning stage of the optimization process, which
might help escape barren plateaus.

Furthermore, we investigate the results of different �s
and system sizes ns. The result is summarized in Table
I. We can see that the convergent rate of the NNVQE is
higher than the VQE. The number of epoch budgets is 100.

The setup hyperparameters for Table I is as follows.
When n = 8, the ansatz is the eight-qubit MERA with
D = 3. The node number of the hidden layer is 25, and the
node number of the output layer corresponds to the number
of PQC parameters 144, with dropout = 0.20. The learn-
ing rate is 0.009. The max iteration is 100. When n = 10,
the ansatz is the eight-qubit MERA with D = 3. The node
number of the hidden layer is 32, and the node number of
the output layer corresponds to the number of PQC param-
eters 180, with dropout = 0.20. The learning rate is 0.009.
The max iteration is 100.

APPENDIX I: QUANTUM SOFTWARE
FRAMEWORK

All the high-performance numerical simulations in this
work are conducted with TensorCircuit [55]: an open-
source, high-performance, full-featured quantum software
framework for the NISQ era. The software simulates the
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(a) (b)

(c) (d)

(e) (f)

FIG. 16. Parameters of gates with respect to �. The ansatz used is MERA with D = 2. Numbers in the y axis of each subplot
correspond to a set of gate numbers (below the circuit) in Fig. 15. Qubit numbers in the labels of the subplots associated with the
qubits (do not consider qubits without gates) in order, arranged from left to right and from top to bottom.

quantum circuit with an advanced tensor-network contrac-
tion engine and supports modern machine-learning engi-
neering paradigms: automatic differentiation, vectorized
parallelism, just-in-time compilation, and GPU accelera-
tion. It is specifically suitable to simulate the hybrid system
with both neural networks and quantum circuits.

APPENDIX J: THE PHASE DIAGRAM OF THE 1D
AND 2D XXZ MODEL

The phase diagram of the 1D XXZ model is shown in
Fig. 18. The three phases are separated by two curves hs

and hc

hs = d(1 +�) (J1)

hc = π sinh λ
λ

∞∑
n=−∞

sech
π2

2λ
(1 + 2n), (J2)

where d = 1 is the dimension of the model and λ =
arccosh�.

The phase diagram of the 2D XXZ model is shown in
Fig. 19.
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(a)

(b)

FIG. 17. Speedup in the optimization process of NNVQE and
the corresponding PQC parameter changes. (a) The ground-
state energy relative errors for an n = 12 XXZ spin chain when
� = 1.0 are shown with respect to epochs. Hardware-efficient
ansatz with D = 3 is used. The red and blue lines correspond
to the ground-state energy relative errors and standard devi-
ation of NNVQE and VQE, respectively. (b) The summed
parameter updates when training the VQE and NNVQE in
corresponding �.

APPENDIX K: RELATED WORKS

Meta-VQE [60] aims to solve the problem of parame-
terized Hamiltonian. They divide the PQC into two parts:

TABLE I. Convergent rate. The convergent threshold of
ground-state energy relative error is set to 0.1, we call the
model converged when the energy error is below such a value
and within the optimization epoch budget. We call the number
of convergent models divided by total trials as the conver-
gent rate. The convergence rates of an XXZ spin chain with
� = 1.0, 1.5, 2.0 and n = 8, 10, 12 within the 100 epochs are
reported. The PQC ansatz is the hardware-efficient ansatz with
D = 3, and the optimizer is Adam.

� 1.0 1.5 2.0
n 8 10 12 8 10 12 8 10 12

NNVQE / % 60 60 70 80 70 60 90 85 85
VQE / % 5 0 20 5 5 0 20 30 10

FIG. 18. Phase diagram of the 1D XXZ model [62]. The line hs
separates the XY phase from the ferromagnetic (FM) phase. The
curve hc separates the antiferromagnetic (AFM) phase from the
XY phase. The gray line corresponds to λ = 0.75.

the encoding layer and the processing layer. In the encod-
ing layer, Hamiltonian parameters are mapped to some
simple formula. And the processing layer is a standard
VQE requiring fine tuning for each Hamiltonian parame-
ter. The method has some drawbacks though. Firstly, most
of the circuit parameters still need to be trained or fine
tuned on separate Hamiltonian instances. Secondly, the
expressive power of their parameter prediction model is
very weak to achieve the given accuracy. In contrast, our
NNVQE encodes all parameters in the circuit and utilizes a
more complicated neural network for the prediction. These
improvements greatly improve the performance and accu-
racy of the method due to the high expressiveness of neural
networks. Besides, our method totally avoids retraining

FIG. 19. Phase diagram of the 2D XXZ model [70]. There exist
three phases: (i) Néel ordered phase, (ii) spin-flopping phase,
and (iii) fully saturated ferromagnetic phase. The solid line is
2(1 +�). The horizontal red line corresponds to λ = 5.0; the
vertical dashed red lines are indicators for the intersection of the
red horizontal line and the phase transition line.
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or fine tuning on each separate Hamiltonian instance (see
Fig. 14) since all circuit parameters are encoded.

In this work, we implement the VQE as a represen-
tative example of VQAs to demonstrate the efficacy of
our NNVQA framework, but other NNVQAs for differ-
ent applications can also show their effectiveness. Some
works employed similar ideas in this work for optimization
algorithm (QAOA). Since identifying the optimal parame-
ters is a difficult task in QAOA, researchers employ neural
networks or other machine-learning techniques to find bet-
ter initialization parameters. A spectrum of neural-network
architectures, including deep neural networks (DNN) [71],
convolutional neural networks (CNN) [72], and graph neu-
ral networks (GNN) [73] have been explored. By employ-
ing these neural-network-encoding methods, significant
progress has been made in enhancing the performance and
efficiency of QAOA. However, in the QAOA cases, the
neural-network-encoded parameters are only utilized as a
good initialization point and further fine tuning on QAOA
is still required. In contrast, in the NNVQE case, we
directly use the neural-network-encoded parameters as the
final parameter choice, which has already given satisfying
performance in real applications.

Our work also shares some similarities with Ref. [74].
In their work, with the Hamiltonian parameters as input to
the GNN, they extract some intermediate representation as
the input for another generative network to generate the
classical shadows [75] of the ground state, which is an effi-
cient but approximate representation of the quantum state.
In our framework, we also extract the intermediate rep-
resentation via encoding neural network and Hamiltonian
as input. However, we aim to directly generate the ground
state in the quantum form on a quantum computer instead
of only recovering a classical shadow representation with
many known limitations.
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